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Abstract 

We consider some variations on the classical method of Runge for ef- 
fectively determining integral points on certain curves. We first prove a 
version of Runge's theorem valid for higher-dimensional varieties, gener- 
alizing a uniform version of Runge's theorem due to Bombieri. We then 
take up the study of how Runge's method may be expanded by taking ad- 
vantage of certain coverings. We prove both a result for arbitrary curves 
and a more explicit result for superelliptic curves. As an application of 
our method, we completely solve certain equations involving squares in 
products of terms in an arithmetic progression. 



1 Introduction 

A fundamental problem in number theory is to determine the set of solutions 
over a number field K (or its ring of integers Ok) to a system of polynomial 
equations. Equivalently, in more geometric terms, we are interested in deter- 
mining the set of rational or integral points over X on a variety X. Despite 
the existence of powerful conjectures on this topic (e.g., Vojta's conjectures), in 
general, it can be said that very little is known for arbitrary varieties X . When 
X = C is a curve, however, the situation is much better, at least qualitatively. 
For integral points, we have the classical theorem of Siegel which states that if 
an afhne curve C has infinitely many integral points, then C must be rational 
and have at most two points at infinity. When the genus of C is at least two, 
Siegel's theorem is superseded by Faltings' celebrated result that such a curve 
has in fact only finitely many rational points over any number field. Unfortu- 
nately, at present, both Siegel's and Faltings' theorems are ineffective. That 
is, given a curve which is known to have only finitely many integral or rational 
points by Siegel's or Faltings' theorems, there is in general no known algorithm 
to provably find all of the finitely many integral or rational points on that curve. 

However, for certain classes of curves, over certain number fields K, there do 
exist effective techniques for finding all integral or rational points. For instance, 
when the rank of the group of JiT-rational points in the Jacobian of C is smaller 
than the genus of C, the Chabauty-Coleman method 5 frequently allows one 
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to effectively determine C{K). For integral points, the most general effective 
techniques come from the theory of linear forms in logarithms |Tj . Using this 
theory one can effectively determine, for example, the finitely many ^-integral 
solutions to the superelliptic equation ?/" = f{x), where n > 1, f G K[x] is 
n-th power free with at least three distinct roots, and S is some finite set of 
places of K containing the archimedean places. There are, essentially, only a 
handful of such effective techniques, and so it is useful to expand the domain 
of applicability of any given method. From this point of view, we will study 
the old method of Runge for effectively determining integral points on certain 
curves. 

In 1887 Runge [12] proved the finiteness of the set of integral points on 
certain curves. Although Runge did not state it, it is implicit in his proof that 
his method is effective. In its most basic form, Runge proved: 

Theorem 1 (Runge). Let f G Q[a:;,y] be an absolutely irreducible polynomial of 
total degree n. Let fo denote the leading form of f , i.e., the sum of the terms of 
total degree n in f. Suppose that fo factors as fo — go^a, where go, ho G Q[x, y] 
are nonconstant relatively prime polynomials. Then the set of solutions to 

f{x,y) = 0, x,yeZ, 

is finite and can be effectively determined. 

Explicit bounds for the solutions in Runge's theorem (and its generalizations) 
have been given in _7J and [30j. A geometric formulation of Runge's theorem 
which is valid for arbitrary rings of S'-integers is the following. 

Theorem 2. Let C be a nonsingular projective curve defined over a number 
field K . Let (f> e K{X) be a rational function on C. Let S be a finite set of 
places of K containing the archimedean places. Let (0)oo be the divisor of poles 
of 4> and let r be the number of irreducible components over K of the support of 
{(fyoo- Lf r > \S\ then the set {P G C{K) \ 4>{P) £ Ok,s} is finite and can be 
effectively determined. 

Theorem[2]contains Theorem[T]as a special case. Indeed, under the hypothe- 
ses of Theorem [1] let C be a projective closure of the affine plane curve defined 
by / = and let tt : C" ^ C be a normalization. Set (j> = x o tt, K — Q, and 
S = {oo}. We can now apply Theorem [21 noting that the factorization condi- 
tion in Theorem [1] implies that the support of (0)oo has at least two components 
over Q. 

Building on work of Sprindzuk '26] , Bombieri [3] proved a uniform version 
of Runge's theorem, allowing the number field K and set of places S to vary. 
We state the theorem using the same notation as in Theorem [2] 

Theorem 3 (Bombieri, Sprindzuk). For L D K, let r^ denote the number of 
irreducible components over L of the support o/(0)oo. Then the set of points 

U {P e C(L) I 0(P) e Oi.sJ 

LdK,Sl 
\SL\<rL 
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is finite and can be effectively determined. 

Here L ranges over all number fields and Sl over sets of places of L (con- 
taining the archimedean places). 

The purpose of this paper is to expand the range of problems to which 
Runge's method can be applied and to give some explicit applications. In the 
next section we prove a general version of Runge's theorem, extending Theo- 
rem [3] to higher-dimensional varieties. Following that, we show how unramified 
coverings of curves can be advantageously used in conjunction with Runge's 
method. Roughly speaking, this allows Runge's method to be applied to curves 
which have large-rank rational torsion subgroups in their Jacobian and not too 
many places of bad reduction. Natural examples of such curves are given by 
superelliptic curves j/" = /(x), where / splits into many factors over Q and the 
discriminant of / has relatively few prime divisors. We study such superellip- 
tic curves in Section |31 Finally, as an application, we take up the well-studied 
problem of almost squares in products of arithmetic progressions and give some 
new results. 

2 Runge's theorem in higher dimensions 

Before stating our general formulation of Runge's theorem, we introduce some 
notation for integral points on arbitrary varieties. Let ^ be a variety (not 
necessarily projective or afhne) defined over a number field K. Let 5' be a 
finite set of places of K (containing, as throughout this paper, the archimedean 
places). We call a set i? C V{K) a set of S'- integral points on V if for every 
regular function (f) G K{V) on V there exists a nonzero constant c G K* such 
that c(j){P) E Ok.s for all P E R. This definition is, in general, slightly more 
inclusive than the notion of S'-integral points coming from Weil functions or 
integral models. 

It will be convenient to give definitions which also allow the set of places and 
the number field to vary. We call a set R C V{K) a set of s-integral points on 
V if for every point PER there exists a set of places Sp of K with \Sp\ < s, 
and for every regular function cj) G K{V) on V there exists a nonzero constant 

G K* , independent of P, such that C0(/)(P) G Ok.Sp- Thus, essentially, an 
s-integral set of points on is a union of S'-integral sets where S varies over 
sets of places of K with cardinality at most s. Finally, if s{L) is a function 
on number fields L D we call a set R C V{K) a set of s(L)-integral points 
on V if for every point P E R there exists a set of places Sp of K(P) with 
\Sp\ < s{K{P)), and for every regular function (j> E K{V) on V there exists a 
nonzero constant G K* , independent of P, such that \c^(l){P)\y < 1 for all 
places V of K{P) not in S (extending each place v of K{P) to K in some fixed 
way). 

In order to state our theorem, it will also be necessary to recall the definition 
of the Kodaira-Iitaka dimension k,{D) of a divisor D. Let _D be a divisor on a 
nonsingular projective variety X. Then we let L{D) = G K{X) \ div((j!)) + 
D > 0} and h°[D) = dim H"{X,0{D)) = dimL{D). If h"inD) = for aU 
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n > then we let k{D) = — oo. Otherwise, we define the dimension of D to be 
the integer k{D) such that there exist positive constants ci and C2 with 



ci 



for aU sufficiently divisible n > 0. We define a divisor Z) on X to be big if 
k{D) = dimX. 

With the above notation, we generalize Bombieri's version of Runge's theo- 
rem to higher dimensions as follows. 

Theorem 4. Let X be a nonsingular projective variety defined over a number 
field K . Let D = ^'"^ effective divisor on X defined over K , with 

Di, . . . , Dr distinct prime divisors (defined over K). Suppose that the intersec- 
tion of any m + I of the supports of the divisors Di is empty. Let r{L) be the 
number of irreducible components of the support of D over L. Let s(L) be a 
function such that ms{L) < r{L). 

(a) Lf K{Di) > for all i, then any set R of s{L)-integral points on X \ D 
belongs to an effectively computable proper Zariski- closed subset Z d X . 

(b) Lf Di is big for all i, then there exists an effectively computable proper 
Zariski- closed subset Z d X such that for any set R of s{L) -integral points 
on X \ D, the set R\Z is finite (and effectively computable) . 

(c) Lf Di is ample for all i, then all sets R of s{L)-integral points on X \ D 
are finite and effectively computable. 

We note that the hypothesis ms{L) < r{L) in Theorem |4] is sharp, in that 
there are examples with ms{L) = r{L) which violate the conclusions of parts 



a) (b) or (c) of the theorem. For instance, let X = and let D be a sum 
of 2m lines Di, . . . , D2m, defined over Q, with exactly Di, . . . , D,n meeting at a 
point P and Dm+i, ■ ■ ■ , D2m meeting at a different point Q. Let if be a number 
field with a set of places S, containing the archimedean place(s), of cardinality 
= 2. Then the line through P and Q will contain an infinite set of S'-integral 
points on X \ D. It follows that a strict inequality ms{L) < r{L) is necessary 



for part (c) to hold. 

Given the geometric nature of the statement of our theorem, a few words 
are perhaps in order on what is meant here by "effective" . Since our focus is 
on the arithmetic of varieties, we will take it as a given that one can explicitly 
compute certain fundamental geometric objects associated to the variety X and 
the divisors Di, . . . , Dr. For instance, we assume that we can compute explicit 
projective equations for the variety X (and hence a presentation of the function 
field of X) and Riemann-Roch bases associated to the divisors Di and their 
linear combinations. Alternatively, one could add the appropriate geometric 
data to the hypotheses of the theorem. We also assume an effective version 
of the definition of a set of s(L)-integral points for the set R. That is, given a 
regular function </) on X\D, we assume that one can compute the constant c E k* 
in the definition for the integral point set R. Under the above assumptions, our 
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proof gives, in principle, an algorithm for computing the projective equations of 



the set Z (in parts (a) and |(b)[ ) or the set R in part (c) 

Theorem 2] will be proved using Lemma [5] below. Lemma [S] is a standard 
lemma which arises, for instance, in the construction of Weil functions. However, 
in the interest of completeness, we provide a proof. Before stating the lemma, 
we recall some relevant definitions. We denote by Mk the set of inequivalent 
absolute values of K. We normalize our absolute values so that they extend the 
usual ones on Q: = i if w corresponds to a prime ideal p and p|p, and \x\y = 
\<j{x)\ if V corresponds to an embedding a : K ^ 'C. For v E Mk, we denote 
by Ky the completion of K with respect to v. We set ||a;||t, — \x\\^''''^''^^^^''^'^ . 
Thus, for a £ K, the absolute multiplicative height is given by 

H{a) =^ max{l, ||q:||„} 

and the absolute logarithmic height by h{a) = \ogH{a). We define an Mk- 
constant to be a family of real numbers {'yv)veMK such that 7i, = for all but 
finitely many v. 

Lemma 5. Let X be a nonsingular projective variety defined over a number field 
K. Extend each absolute value in Mk in some way to K. Let (j)i, . . . , 0„i € 
K{X) be rational functions on X without a common pole. Then there exists 
an effectively computable MK-constant 7, independent of the way each absolute 
value was extended, such that 

min log \(f>i{P)\y < 7„ 

l<'i<m 

for all V G Mk and all P E X(K). 

Proof. Fix an embedding of X into projective space P" such that X is not con- 
tained in any hyperplane of P". For a point P E F"-{K), let {xq{P), . . . , Xn{P)) 
be some set of projective coordinates for P. Let 

U,^{PeX\x,{P)^0}, i = 0, ...,n. 

Let {(j>j)o be the divisor of zeroes of and let Tj be the associated ideal sheaf 
on X. Let gijs, . . . ,gi,j,kij E K[Ui] generate the sections of Ij over Ui. Let 
= 4>j\ui- Then for any i,j,k, we have E K[Ui\. Furthermore, the 

functions k — 1, . . . , fc^j, have a common zero only at the poles of (f>ij. 

Since (pi, ... , (f)„i have no common pole, it follows that for any i, the functions 
j = 1, . . . ,m, k — 1, . . . ,kij, have no common zero on Ui. By Hilbert's 
Nullstellensatz, there exist functions hij^k G such that 



EE 

j=i k=i 



^h,,,,k = 1. (1) 
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Furthermore, and this is the key point regarding efFectivity, Hilbert's NuUstel- 
lensatz can be made effective (e.g., [M]). Let Fij^k = gi,j,khij^k- Let fij — ^\ui 
be the functions on Ui obtained by restriction of the rational functions ^ on 
P". Then fij, j — Q,...,n, generate K[Ui]. It follows that each Fij^k is a 
polynomial in the fij. Let 

E,^,={PeX(K) I |a;,(P)|, =max|x,(P)|J, i = 0, . . . , n. 

j 

Note that on Ei^y, \fi,j\v < 1- Let Cij^k be the number of terms of -Fij,fc and 
let \Fij^k\v be the maximum absolute value with respect to v of the coefficients 
of Fij_k (as a polynomial in the fi,j). Let 



Sv = 
-.<5„ 



1 if f is archimedean 
if f is nonarchimcdean. 



Then |F,j,fc(P)|.„ < C*;. JF,,^- ^ |„ for all P e v e Mk- It follows from d) 
that for P e Ei^y, 




max Cj " AFi j^k \v max 



0j 



> 1, 



or equivalently. 



min|(/)j(F)| < V% maxCf" j^|Pij-fc|„. 
Note that for any w, the sets S^^t,, « = 0, . . . , n, cover X and that 

E I ^ti.k I J,fc 1 1, = 1 

for all but finitely many v e Thus, the lemma holds with the M^-constant 
7i, = log max ^% maxCf_^- 

□ 



Proof of Theorem^ We first prove part (a) Let R be an s(L)-integral set of 
points on X \ 13. Let L D iiT be a number field. Let D = Y^^^i Fi be the 
decomposition of D into effective divisors over L. Let L' d L he the minimal 
field over which all the Ei are defined. Since K{Di) > for all i, and hence 
K{Ei) > for all z, for i = l,...,r(i), there exists a non-constant rational 
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function G L'{X) such that the poles of he in the support of Ei. From the 
definition of R, after rescahng the (f)i (independent of L), we can assume that 
for any i and any P £ R with K{P) = L, <f)i{P) S Ol,s for some set of places S 
of L with \S\ < s{L). Let T be the set of subsets / C {1, . . . , r{L)} such that the 
functions 4>i, i d I, have no common pole. For / € I, let 7/ be the effectively 
computable M^z-constant from Lemma[S]for the set of functions (pi, i ^ I. Let 7 
be the Mi/-constant defined by 7„ = max/gx7/,t)- Since the intersection of the 
supports of any m+1 distinct divisors Di is empty, any m + 1 distinct functions 
(pi have no common pole. For w £ Ml, let Vw denote the place of L' lying 
below w. It follows then from Lemma [5] and the above definitions that for any 
P e X{L) and w G Ml, there exist at most m functions (pi, i G {1, ■ . ■ ,r{L)}, 
such that (extending w; to Z in some way) 

log|0,(P)U >7,„. (2) 

Let P E R with K{P) = L. Then for all i, (pi{P) E Ol.s for some set of places 
S* of L with \S\ < s{L). Since r{L) > m\S\, by the pigeon-hole principle and 
there exists some function (p — cpi such that log |(/)(P)|u, < for all w E S. 
As (p{P) E Ol,s, it follows immediately that h{(p{P)) < X^u-es T"™)- 
Let A be the maximum of the sum of s(L) elements 7u, v E Ml' (allowing 
repetitions). Then h{(p{P)) < A. Thus P belongs to one of the finitely many 
proper Zariski-closed subsets of X defined by cpi = a, where i E {1, . . . ,r(L)} 
and h{a) < A. Note that the constant A and the functions (pi depended only 
on the decomposition of D over L into the effective divisors Ei. There are only 
finitely many possible such decompositions of D into effective divisors. Thus, 
going through the above proof over all such possible decompositions, we see 
that R belongs to the union of finitely many effectively determinable proper 
Zariski-closed subsets of X. 



The proofs of parts |(b)| and (c) are similar. Let L, L' , and Ei be as in 
the proof of part (a) Instead of considering functions (pi, ... , (pr(L) with (pi E 
L(rniEi), for some m.^ > 0, we consider sets of functions that form bases of the 
spaces L{miEi) for some sufficiently large rrii. For instance, in the case where 
Di, and hence Ei, is big for all i, let rrii E N be such that the map ^mtEi 
associated to L{miEi) is birational outside of a proper Zariski-closed subset 
Zi C X. For each i, let (pi^i, . . . , (pi.i(miEi) G L'{X) be a basis for L{miEi). By 
scaling the functions, we can assume that they take on appropriately integral 
values as before. Let 1 be the set of subsets / C \ i E {1, . . . , r{L)},j E 

{1, . . . , l{miEi)}} such that the functions (pij, G I, have no common pole. 
Let 7 be the M^'-constant defined by 7^ = max/gi7/_„, where 7/,/ e X, is 



defined as in the proof of part (a) Define the constant A with respect to 7 as 
before. Let P E R with K{P) = L. Then for all i and j, (pij{P) E Ol,s for some 
set of places S of L with \S\ < s{L). Note that any m + 1 functions (pij with 
distinct i-indices have no pole in common. Since r(L) > to|5'|, using Lcmma[5]as 
before, there exists some i such that for every function (pij, j = 1, . . . , l{miEi), 
we have log \ (pij{P)\w < 7u„ for all w E S. It follows that the point 



i,l{miEi) 



ulirriiEi 
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is bounded in absolute logarithmic height by the constant A. Since ^miEi is 
birational outside of Zi, it follows that all points P G R with K{P) = L are 
contained in U^^iZi and a finite effectively determinable set of points. As in 
part (a) this set actually depends not on L, but on the divisors Ei. As there 



are only finitely many possibilities for the Ej, |(b)| follows. The proof for ample 
divisors (c) is essentially the same, except that in this case we can take = 
for alH. □ 



3 Coverings and Runge's method 

In this section we take up the problem of expanding Runge's theorem for curves 
by taking advantage of unramified coverings. Let C be a curve defined over 
a number field K, S a finite set of places K, (j) G K{C), and R — {P G 
C{K) I 4){P) G Ok.s}- It can happen that a straightforward application of 
Runge's method fails to prove finiteness for the set i?, but that there is some 
unramified covering n : X ^ C such that Runge's method can be successfully 
applied to AT, o tt, and n~^{R). For instance, if has only a single pole, a 
straightforward application of Runge's method can never yield any information. 
However, even in this case, it is sometimes possible to obtain nontrivial results 
by using coverings. Roughly speaking, our reduction to a cover works if (1) 
there is a large-rank rational torsion subgroup in the Jacobian of C and (2) if C 
has relatively few places of bad reduction. Examples of such curves are given in 
the subsequent sections, where we work out explicit bounds for integral points 
on certain families of curves. 

Before stating the main theorem, we introduce some more notation. We let 
Jac(C) denote the Jacobian of C and Jac(C)tors its torsion subgroup. For a 
divisor D on a variety X, we let suppD denote the support of D. For a finite 
abelian group A and an integer m > 1, we let rk^ A, the m-rank of A, be the 
largest integer r such that (Z/mZ)'' is a subgroup of A. We denote the class 
group of the ring of S'-integers of a number field K by C\{Ok,s)- If i is a finite 
extension of the number field K and S a finite set of places of if, we will use 
Ol.s to denote the ring of T-integers of L, where T is the set of places of L 
lying above places of S. We let log^ denote the logarithm to the base p. 

Theorem 6. Let C be a nonsingular projective curve of positive genus defined 
over a number field K . Let (j) G K{C) be a rational function on C such that 
every pole of (f> is defined over K and let Uoc denote the number of distinct poles 
of (j). Let p he a (rational) prime. Let T be the union of the set of archimedean 
places of K, primes of Ok dividing p, and primes of bad reduction o/Jac(C). 
Then the set of integral points 

y {Pe C{L) I <^(P) e Ol,s} 

LDK.S 

logp |S|+rkp Cl(Oi..r)+rkO£ .j. + l<rkp Jac(C)(K)tor=+logy "oo 

is finite and can be effectively determined. 
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Remark 7. If a set of points Ul,s{P & C{L) \ (f>{P) e Cl,s} is infinite, then 
Theorem |6] implies that for some L, 

rkp C1(Ol,t) > rkp Jac(C)(/^)tors + logpTioo - log^ \S\ - rkO^.T " 1- 

Thus, Theorem [5] has the potential for being used to construct number fields 
with a large-rank ideal class group. Indeed, this idea was pursued, in a slightly 
different form, in [12] and [13]. The lemmas in this section are essentially 
borrowed from [T^ . 

Before proving TheoremjSl we prove some needed lemmas. Let r = ikp Jac(C)(ii')tois- 

Lemma 8. Suppose that C{K) ^ 0. Then there exist K -rational divisors 
Di, . . . , Dr, whose divisor classes generate a subgroup (Z/pZ)'" C 3a,c{C){K) 
and rational functions fj G K{C), j = 1, . . . ,r, such that div(/j) = pDj and 
for all P G C{K) such that P is not a pole of fj, 

f^{P)OK(P)^T^a^P,, (3) 

for some fractional O K(p),T-^deal ap_j. If P ^ suppdiv(/j), then there exists a 
nonzero function hj G K(C) such that P ^ suppdiv(/j7i^) and 

f,h^j{P)OKiP),T = (4) 

for some fractional O K(P),T-ideal ap.j- 

Proof. Let ci, . . . ,Cr be generators for a subgroup {Z/p'Ey C Jac(C)(/'ir). Let 
Q G C{K). Let ip : C ^ J = Jac(C) be the i^-rational embedding given by 
P ^ [P - Q]. Let 6 = V(C) + ■ ■ • + '0(C) be the theta divisor on J. Let 
Ej = O — t*,0, where denotes the translation- by-Cj map on J. By the 
theorem of the square, pEj is a principal divisor. Let /-,- G K{J) be such that 
div(/j) = pEj. Since [p]* Ej ^ pEj is principal, where [p] is multiplication by p 
on J, let gj G K{J) be such that dYv{gj) — [p\*Ej. It follows immediately that 
fjipx) = ajgj{xY for some constant oij G K* . Replacing fj by fjjoLj, we can 
assume that fj{px) — gj{x)^. Let x,y J{K) with py — x. It is a standard 
fact that the extension K{y)/K{x) is unramified outside of (places lying above) 
T. Since fj{x) = fj{py) — gjivY and K{y)/ K{x) is unramified outside of T, 
if X is not a pole of fj it follows that fj{x)OK{x),T — for some fractional 
C'if(x).T-ideal a^. Consider fj\c^ via the embedding ip : C ^ J. Then in 
particular, for any P G C{K) with P not a pole of fj\c', fj\c{P)OK(p).T = 
for some fractional O/f (p).'r-ideal aj. Let Dj = tp* {Q — t^.Q) . Then div(/j|c) = 
ip*{pEj) = pip*{<d - t*.6) = pDj. We conclude the first part of the lemma by 
noting that [i/'*(e - t*^e)] = Cj [HI Th. A.8.2.1]. So [D^] = Cj. 

For the second part of the lemma, we note that by an elementary moving 
lemma, for any j and any P G J{K), there exists a iiT-rational divisor Ej> such 
that Ej' ~ Ej and P ^ suppiJj'. Let hj G K{J) with (hj) — Ey — Ej. Then 
P ^ suppdiv(/j7ip and fj{x)hj{x)P — {gj{y)hj{x)Y on J, with = x as 
before. So essentially the same proof as above gives the last assertion of the 
lemma. □ 
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Let fi, . . . , fr be as in Lemma [5] Let X be the nonsingular projective curve 
associated to the function field K{C) {■^^, ■ ■ ■ , -^rU) and let tt : X ^ C be the 
natural morphism associated to this field extension of K{C). It is easy to see 
that deg tt = . This is equivalent to the following lemma. 

Lemma 9. Let Di, . . . , Dr be divisors whose divisor classes generate a sub- 
group CZ/pTiY' C Jac(C). Let /i, ■ ■ • , /r G K{C) be rational functions such that 
div(/j) = pDj for all j. Then 



p 



Proof. By Kummer theory, this is equivalent to showing that /i , . . . , generate 
a subgroup of cardinality p"^ in K{C)* / K{CY* . Suppose that 

•••/;'■ = 5^ (5) 

for some g € K{C)* and integers < < P- Let div(5) = E, the 

principal divisor associated to g. Then by ([5|), pE — J2]=iPh^j- So i? = 
Y^^j=i ^j^j is a, principal divisor. Since [Di], . . . , [Dr] are independent p-torsion 
elements in Jac(C), it follows that ij = for all j. □ 

Lemma 10. Let L Z) K be a number field. Let L' be the compositum of the 
number fields K{Q), where Q ranges over all points Q € X{K) with n{Q) £ 
C{L). Let C, be a generator for the group of roots of unity in L. Then 

[L' : L] < [i( VC) : i]p^k, ci(0i.T)+rk02,^_ (g) 

Proof. We will work throughout with (fractional) O^.T-ideals. Let t — rkp C\{Ol.t) 
Let G = {[a] e CI{Ol,t) \ [a]P = 1}, asubgroupof C1(Ol,t). Then G ^ (Z/pZ)*. 
Let bj, j = 1, . . . ,t, he (OL.T-)ideals whose ideal classes generate G. Then for 
each j, = {(ij) for some Pj G L. Let t' = rkO|^ g.. Let m, . . . ,Ut' ,C be 
generators for Olj^. Let L' = L{^, ^/u^, Note that 

[L' ■.L]<[L{^):L]p'+r 

Let Q e X(K) with P = n{Q) e C{L). We now show that K{Q) C L'. 

First assume that P is not a zero or pole of any fj. Then it follows from 
the definitions of tt and X that K{Q) = L{xi, . . . ,Xr) for some choice of Xj 
satisfying x^ = Ii{P)i j — ■ ■ ^t- We need to show that Xj G L' for all j. By 
Lemma[8j (x^ = {fj{P)) — for some Oi^r-ideal a^. Since [a^] £ G, 

t 

= («) n 

s=l 

for some integers Cg and some element a E L. Therefore, 
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So — uaP n*=i P's' for some unit u G O^^y- Therefore, Xj — a-^nl=i ^/M" 
for some choice of the p-th roots. So Xj € L' for all j as desired. 

If P is a zero or pole of some fj then the proof is similar, except we use 
the second part of Lemma [S] and the fact that K{Q) — L{xi, . . . ,Xr) for some 
choice of xj satisfying x^ = fjhj{P), j — 1, . . . ,r. □ 

Proof of Theorem\^ We apply Runge's method to the curve X and the rational 
function 0o7r. It is easily seen that tt is unramified. Thus, since tt has deg tt = p'", 
(f) o -K has p^Uao distinct poles over some number field K' . By Theorem [3l the 
set of points 

y {Q e X{L') I </)(7r(Q)) e Ol',s} 
l'dk',s 

\S\<p''n^ 

is finite and can be effectively determined. 

Now consider LZ) K, S, and P e C{L) with 0(P) G Ol,s- Let g G n~^{P). 
Then by Lemma [TOl fusing also that the poles of cj) were all defined over K C L), 

[K'{Q) : L] < [P( V?) : L]/kp ci(Ox„T)+rko2,T. 

For L' D L, we let 5^' be the set of places of L' lying above places of S. 
Trivially, we have |5k'(q)| < \S\[K'{Q) : i] and 0(^(g)) G C Oif'(Q).s- 

So combining the above, we see that the set of points 

y {P G C{L) I 0(P) G Ol,s} 

is finite and can be effectively determined. □ 



4 Superelliptic curves 

The extension of Runge's theorem proven in the last section (TheoremlS]) is only 
useful for curves C which have a large-rank rational torsion subgroup in Jac(C). 
A natural class of curves which have this property are superelliptic curves C 
defined by 

r 

y'' = f{x)^l[f^{x), fi,...JreK[x], 

where fi, . . . , fr arep-th power free, pairwise coprime, nonconstant polynomials. 
Indeed, if p f deg/, it is easily shown that rkp Jac(C)(X)tors > r — 1. An 
explicit version of Theorem [6] for superelliptic curves is given in the following 
result. For a polynomial /, we let Df be the discriminant of /, \f\v be the 
maximum absolute value of the coefficients of / with respect to v, and H{f) be 
the absolute multiplicative height of the coefficients of / as a point in projective 
space. For a number field K, we let Dk be the absolute discriminant of K. For 
an element a G K*, we let ujnia) denote the number of distinct prime ideals in 
the ideal factorization of aOx (setting uj{n) — ujQ{n)). For a set of places S of 
K, we let Soo denote the set of archimedean places in S. 
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Theorem 11. Let p be a prime. Let fi,...,fr € Ok[x] be monic, pairwise 
coprime, nonconstant polynomials. Suppose that each fi, i = 1, . . . ,r, is an nth 
power, {n,p) = 1, n > 1, of a polynomial gi which has no repeated roots. For 
a 7^ 0, let Ca be the superelliptic ajfine plane curve defined by 

r 

1=1 

Let d = deg/. Let Qp be a primitive p-th root of unity. Let e = if p divides 
deg fi for i = \, . . . ,r, e = 1 if {d,p) = 1, and e = 2 if p divides d but p doesn't 
divide deg fi for some i . Then the set of integral points 

uJi,,(aDf} + \S^\+logp\S\+rk^Cl{OK,}+e<r 

is finite. Let d' = degni=i5i- Specifically, for each point P £ R, we have the 
bound 

i?(x(P))<|^^(C,)|'^ Ud'p'Y[H{g,)\ . (7) 

Remark 12. The bound ([7]) is a somewhat crude estimate. For P G Ca{OK',s) 
such that r is large compared to WK'io-Df) + \Sao\ + logp \S\ + rkp 01(0^' ) , the 
inequahty ([7]) can be improved. Such improved bounds are easily calculated 
from Theorem [TS] and an examination of the proof of Theorem 1111 

In many cases the bounds in Theorem [TT] are small enough that, combined 
with other techniques, it is practical to find all S'-integral points on certain 
superelliptic curves. This is illustrated in Section [5l where we compute certain 
sets of S'-integral points on some curves related to the problem of squares in 
products of terms in an arithmetic progression. 

Theorem 13. Let p be a prime. Let g Z[a;] be monic, pairwise 

coprime, nonconstant polynomials with no repeated roots. Let d = deg Oi=i /* 
and H = max^ H{fi). Let pfree(n) denote the p-th-power-free part of an integer 
n. Then for x ^TL, 

(f[pfree(/,(a;)) ) >r-l (8) 



1=1 



\x\ > {8dp-^HY 

If p I deg fi, i = 1, . . . , r, then the same statement holds with ([5]) replaced by 

a. (npfree(/,(x))) >r. (9) 
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Again, a better, but more complicated estimate in Theorem 1131 follows from 
the proof and Theorem [TSl 

Remark 14. Inequalities ^ and ^ arc likely to be sharp for infinitely many 
values of x, at least for certain sets of polynomials. Indeed, if Schinzel's "Hy- 
pothesis iJ" [22] is true, most sets of polynomials {/2, . . . , fr} will take prime 
values simultaneously at infinitely many points x — "nP . Thus, if we take /i = x, 
at such points the bound in inequality ([8]) will be achieved. Similarly, in general, 
the bound in inequality ([9]) should also be attained infinitely often. 

Theorems [TT] and [T31 whose proofs we postpone until the end of the section, 
will be a consequence of the following general result. 

Theorem 15. Let p he a prime and Qp a primitive p-th root of unity. Let K be 
a number field. Let /i , . . . , /r € Ok [x\ be manic, pairwise coprime, nonconstant 
polynomials with no repeated roots. Let K' D K be a number field and S a 
finite set of places of K' containing the archimedean places. Let a £ Ok',s- 
Let = ^/JJa), i = 1, . . . , r. Let L = . . . , /3r, Cp)- Let T be the set of 

places of L lying above places of S and let t = |r|. Let Soc denote the set of 
archimedean places of S. Let di = dcg/i and d = X]i=i '^i- Let 



B 

S 
6' 

' ' 6 + 1- 
^p5' 

If p\ di for some i and t < p^^^ , then 



V e Soo, 

[<:Q„]/[K':I 



max|/i|t,, 

i 

n (^"+1)' 

p'-i((p-l)(d-l) -2)+t + 2' 



p'^-i - t 
y-i((33-l)(d-2)-2)+t + 2 



P 



P 



p^ - t 

{p-l){d-l) 



1 - 



{p-l){d-2) 



H{a) < \Dk{c )|"P/^^'-^''^''^^^1^2('^+l)('^*+^)+2V*+^^^*^^*"^^+^^mP((*+l)*/2+l)_g^(a+l)^+25^ 

(10) 



< \DKic,)\ 
Ifp I di for i = 1, 



{2dp^BY P ■ 
, r and t < p"^ , then 



(11) 



I dp 
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Some of the arguments in our proof, particularly those involving Puiseux 
series, follow arguments given in [7] and [30] , 

Proof. Wc will apply Runge's method to the curve C C A'"+-'^ defined by yf = 
fi{x), i — 1, . . . ,r. We first collect some geometric facts about the curve C, 
including the rational functions on C that we will be interested in. 

Consider the function field of C, K{C) = K{x,yi, . . . ,yr)- It follows from 
the fact that /i, . . . , are p-th power free, pairwise coprime polynomials that 
[K{C) : K{x)] = and a basis for K{C) over K{x) is given by the elements 
2/r • • • yr", < ii, . . . , V < p - 1. Let 

M{6)^\x'^'y\'---y^ \ (zq, ii, . . . , v) G N x {0, . . . ,p - If, ^ < 4 , 

I fe=0 J 

m{5) = i^M{S), 

where we have also set = P- It follows easily from the definitions that the 
generating function for m{i), i G N, is given by 

^ il-x){l-xP) 

We first prove the theorem in the case that for some io, p \ dig. Under this 
assumption, J2^Zo divides X]j=o ■ 



{l-x)(l-xP) (l-x)2 ^P^i^;, 

where g{x) is a polynomial of degree (p — 1) ~ {p — I) = {p — l)(d — 1). 

So 

nUE^Io^x^"' _ .9(1) g-(l) 

(l-x)(l-a;P) (l-a;)2 1 - x 

where degft- = (p — l)((i — 1) — 2. It is easily calculated that g{l) = p''^^ and 
^ p''-^(p-i)(d-i) ^ rpj^^g^ follows that for J > (p - l)(d - 1) - 1, 



Let C" be a projective closure of C in F''+^ and let tt : C* ^ C" be the 
normalization of C . Since yf^ = figix), we havep- (yjo)oo = di„ ■ {x)oo (viewing 
X and t/io as rational functions on C). As p \ di^, it follows that {x)oo = pDoo 
for some effective divisor Doc- 

Lemma 16. The genus of C is 

.(C)^p--f "'-'y-" -lVL (12) 
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For 5 > (p— l)(rf— 1) — 1, the elements of A4{S) form a basis for L{5Doo). 
Furthermore, Doo is the sum of p^~^ distinct points of C . 

Proof. Consider the morphism : C — > obtained from the rational function 
X o TT on C. Note that deg0 = p"^ . If x{tt{Q)) is a root of fi for some i, then (/> 
has ramification index p at Q. This gives dp^~^ points of C with ramification 
index p with respect to 4>. Since {x)ao = pDoo, every point of C above oo G 
has ramification index divisible by p. Alternatively, we can see this as follows. 
Let Y be the nonsingular projective model of the afSne plane curve Y defined 
by — fio {x) . Since p \ di^, it is easily seen that Y has a unique point Q at 
infinity, and the map K — > P^ induced by the projection map (x, y) ^ x has 
ramification index p at Q. Since the map factors through this map, it follows 
that every point above oo S P^ on C has ramification index divisible by p. Let 
n be the number of distinct points in Dqo- Note that n < p^^^. Then by the 
Riemann-Hurwitz formula applied to (/), we conclude that 

2g{C) - 2 > -2p^ + dip - + - 71, 

or g{C) > P'-^'idp-d-P)-" + 1 > pr-l (^ (p-l)(d-l) _ + 1. 

On the other hand, since (a;)oo = pDoo and (jji)oc = diDao, we see that 
Ai{6) C L{5Doo)- Since the elements of M{5) are linearly independent, for 5 > 
{p-l){d-l)~lwehavedimL{SDoo) = 1{6D^) > m{S) = p'-'^ I^S+1- (p-iH^-i) ^ 
Note also that degi^oo = p'^^^- Thus, by Riemann-Roch, for 6p^^^ > 2g{C) — 1, 
wehaveZ(Ji:'oo) = Sp'-^+l-giC). It follows that .g(C) < p'^^ (^ (p-i){d-i) _ -^^^ 
1. This proves Thus, for 6 > {p - l){d - 1) - 1, l{SDoo) = m{S), and the 

elements of A4{6) form a basis for L{6Doc)- Additionally, we see that we must 
have n = p^~^, and so Doo is the sum of exactly p^~^ distinct points of C. □ 

We now work out some facts about the Puiseux expansions of the algebraic 
functions yi. For each i, yf — fi{x) can be factored using Puiseux series as 

yl - fi{x) = Wyi-yt,j{x). (13) 

Explicitly, if fi = x'^' + X)jLo^ o,i.jX^ , then writing 

and using the Taylor series for z — {1 + t)p about zq = 1, we see that (after 
possibly reindexing), 

oo oo y-j / \ /di — 1 \ ^ 

fc=0 fc=0 ^ ^ \l=0 ) 

(14) 
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Expanding out the right-hand side of appropriately then exphcitly gives 
the coefBcients Cij^k and the p Puiseux expansions yij{x), j = 0, — 1. 

When evaluating the Puiseux series (fH|) at a point x, we assume the choice of 
some fixed branch of a; p. 

Lemma 17. Let yi_j{x) he the Puiseux expansions in (|14p . Then 

p"'~^C^,J^k e Ok[Cp], fc > 1. (15) 

Extend each place v € to L in some way. For v G Ml and x ^ L, yij (x) 
converges v-adically if 

\x\v > \ fi\v + 1, if V is archimedean, 

> 1 — nonarchimedean. 

ml 

Proof. Each coefficient Ci^j^k is an Ok [Cp]"integral linear combination of numbers 
(^/P), < Z < fc. Since G Z for aU 1>1,^ follows. We now prove 

the assertions about convergence. If v is archimedean and \x\y > |/i|u + 1, then 
we note that 



di~l 



J=0 

It now follows easily from (|14[) that yi_j{x) converges. For nonarchimedean w, 

converges if and only if limfe^oo |cij,fea;~~ |„ = 0. By ([15]), |cij^fck < 
^ Thus, in this case, it is clear that yij{x) converges w-adically if \x\y > 

IpI?- ^ 
Let T' C T be the set of places v G T such that 

|a|t, > Hy + 1, if -y is archimedean, 

l^^lf > TTqj if ''^ is nonarchimedean. 

\p\i 

By (|13p and Lemma ITTl we have that for any i e {1, . . . , r} and any v e T', 
there exists ji^^, e {0, ... ,p — 1} such that 2/iji_„(a) converges w-adically to /3i. 
As \x\y —^ oo, the point on C defined by yi = yij. i = 1, . . . ,r, converges 
i;-adically to some point Py at infinity. More precisely, using the map tt to 
pull back points to C, we can view P„ e supp Dr^! C C*. By Lemma [121 since 
#(supp£)oo) = p''"^, there are p''"^ possibilities for the point P^. Let i? be 
the divisor on C given hy E = X)pg{-P |ueT'} want to find functions 

g e L{5Dao) such that f/ vanishes at every point Py, v £ T' . In other words, we 
want functions g £ L{S{Doc - E) - E). By assumption, degE < \T'\ < \T\ < 
p^~^ = degDoo, and so L{6{Doo — E) — E) 7^ for 5 0. A function g vanishing 
at all points Py, v G T', will be w-adically small at the point (x^yi, . . . ,yr) = 
{a, (3i, . . . , Pr) for u e T'. More precisely: 



16 



Lemma 18. Let S > (p — l)((i — 1) — 1 be a positive integer such that (5 + 
l)degE < m{d) = 1(60^). Let N = l{S{Doo - E) ~ E) > m{S) - {S + 
l)degE. Then there exist polynomials gi,...,gN G OKiCpli^^Oj ■ • • , a;r] such 
that gi{x,yi, . . . • ■ . ,gAr(a;,yi, ■ ■ ■ ,Vr) form a basis for L{S{Doc - E) - E), 

i^fe)<|Z>.,<.,|^( ^f^''^' )"""'". . = !....,«, (17) 

and for all v G T', i — 1, . . . , N , 

archimedean, 

l^|i/P|^|2(/+i)/p-i «/ nonarchimedean. 

Proof. We construct the basis gi, . . . ,gN by looking at the Puiseux expansions 
of functions in L{6Dao)- A nonzero polynomial g{x,yi, . . . ,yr) vanishes at P„ 
if and only if in the Puiseux expansion g (x, yi (x), . . . , ?;r,>,„ (a;)) , we have 

ord^g {x,yij^ ^{x), . . • , yr (a;)) < 0. 

Let wi, . . . , We be a minimal set of places in T' such that {Pvi , ■ ■ ■ , PvA = {Pv \ 
V e T'}. Since, by Lemma fTHl M.{5) is a basis for L{SDoo), explicitly determin- 
ing the vector space L{5{Doo — E) — E) C L{6Doc) is equivalent to solving the 
system of equations: 

ord^ ax'^yij^^^^ixy^ ■■■yr,j,^^^{xy'' <0, l = l,...,e, (19) 

where I{S) = {{io, ...,ir)^ W^'^ \ x^^yl^ ■ ■ - y'r £ The only monomials 

which appear on the left-hand side of (fTO|) with nonnegative degree are x*/^, 
i = 0, . . . , i5. So p9|) yields a system of {5 -f l)e equations in m((5) variables. Let 
A be the corresponding {6 + l)e x m{5) matrix. We now bound the height of 
the matrix A. 

Let (io, . . . , v) G ^(i^)- Then, by (HU, we have 

oo 

x'"yi,o^A^y' ■ ■■yr,jr,A3:y = (x^'-o^^d./pj^^^^-k^ ^20) 

fc=0 

for some p-th root of unity and € K , k G N. Explicitly, can be computed 
from the Taylor series for ( Ilj^i x^^'^^ fj{^/xY^ j at a; = 0: 

r \ oo 

j = l J k=0 

with bq = 1. As before, this immediately implies that 

P^fc-iflfe e O/f , fc > 1. (21) 
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We now estimate the size of Ofc. Let v £ Too, where Too is the set of archimedean 
places in T. Since F{z) is analytic in for \z\^ < mini \f \^ +i = h "+i ' 
have 



1 

2TTi 



yk+l 



dz 



By calculations similar to (fT6|) . for = tt'+t we have 

i/p 



< + 1)'= max \F{z)\,. 



\F{z)\. = 



< 



So 



|afc|„ < 2^/P(i/„ + l)^ fceN. (22) 

By (PO)). each entry in ^ is for some p-th root of unity C and some k < ^. 
Now by (EH) and (1211), 

5/p 



n + 1)[^"^'2.]/[L:Q1 j 



where H{A) is the absolute multiplicative height of A as a point of P(''+-'^^'^™*^''^~^. 

Note that A is a matrix over if(Cp) of rank m{5) — N . We now apply an 
appropriate version of Siegel's lemma, due to Bombieri and Vaaler [U Cor. 2.9.9]. 

Lemma 19 (Bombieri- Vaaler ). Let A be anmxn matrix of rank r with entries 
in a number field L. Then the L-vector space of solutions of Ax = has a basis 
Xi, . . . ,x„_r e such that 



i=l 



Thus, there exists a basis bi, . . . , b^r S of the nuUspacc of A with 



K(Cp) 



N 



H{h.,)<'[[H{h,)<\DKic, 



rn{S)-N 



(23) 



for i = 1, . . . ,N. Let gj, j = 1, . . . , N, he the polynomials 



gj{xo,...,Xr)= 

i=(io,...,4r)e/(<5) 



where Qj, i G is the solution to (fT9)) corresponding to bj. It follows from 
our discussion above that gi{x,yi, . . . , yr), ...,<? at (x, j/i, ... , yr) form a basis for 
L{5{Doo - E)~ E). Furthermore, (d?]) now follows from (^5)) . 
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We now prove P^ . Let j S {1, . . . , N}. Let M be a monomial (in x, yij^ ^, , . . . , j/rj - 
of 9j {x, 2/1 ji,„ , ■ • ■ , ?/r,j,,„) ■ Since ord^, 5^ (x, yij^^^ (x), j/^j,,, (a;)) < 0, it will 
suffice to consider only the principal part of the Puiseux expansion of M{x). 
So let M<o denote the principal part of the Puiseux expansion of M. In the 
notation of pl)l . 

M<o(x) = C2;^'=o J2 ''kx-'' 

for some (iq, . . . ,v) S 1(6) with X]i=o — f ■ -'^'^^ f G T' be an archimcdean 
absolute value. Using ([22]) . an easy estimate gives 

Since is a sum of at most m{S) such monomials, it follows that 

19 j (a, 2/iji.„ (a), ■ • ■ , yr,i,,„ («)) l« = m Pi, • ■ • , Pr) k < ■ --7 . 

2i/P|a|y^ (1 _ ij^j 

Now suppose that w e T' is nonarchimedean. Then |a|„ > |^ and by an 
argument similar to the above, using pT|) . 



□ 

We now finish the proof of Theorem [151 Let 

'p'-\{p-l){d-l)-2)+t + 2' 



S = 



Then it is easily checked that S > (p — l)(c? — 1) — 1 and {5 + 1) deg E < m{5). 
Let 51, . . . ,gM G if [Cp][a;o, • ■ • ,2;^] be the polynomials from Lemma 1181 Then 
gi{x,yi, . . . ,yr), ■ ■ ■ ,5jv(a;,?/i, ■ ■ ■ ,yr) form a basis for L{5{Doo - E) - E). The 
quantity 5 was chosen precisely so that 

degJpoo -E)-E> -t)-t> 2g{C). 

It is a standard fact then that the linear system \6{Doo — E) — E\ is base-point 
free. Thus, for some i, gi(a, Pi, . . . , Pr) ^ 0. 

Let 11 € T be an archimedean absolute value. Then |/j(a)|t, < |/j|D(|ck|t, + 
l)''^ . It follows that each monomial M oi gi{a, Pi, . . . , /3r) satisfies \M{a, Pi, . . . , Pr)\v 
iH4\a\^, + l))^/P. Thus 

\g,{a, Pi, . . . , Pr)\y < \g^Um{S){H,i\a\^ + l))^/P. 



19 



In particular, if \a\y < 2Hy + 1, 



max 1 1, \a\v j- 

If > 2H^ + 1 then v e T', and so by (HH) and the fact that "j^^V'i - §' 

3m(5)|g,|„(2i/„ + 2)(«+i)/P 



|5, (a,/3i,...,/3,)|„ < 
Thus, in aU cases, for v G Too, 
\gi{a,Pi, . . .,Pr)\v < 



2i/P|a|yP 
4|g,|„m(,5)2(^+iVP(i?„ + 1)(2«+i)/p 



max • 



Now suppose that w G T is nonarchimedean. Then since fi G ©^[a;], 
\g,ia,Pi,...,^r)\v < |g,kmax{l,|a|f/f}. 
If > then we have ([TH]). Thus, 



\9^\v 



max{l,|a|y^}b|^(^+^)/^' 



For V ^T, since a G Ol,t, • ■ ■ ,/3r)|i; < \gi\v 

So, since S(i(a, /3i, . . . , /3r) 7^ 0, by the product formula, 

TT II r ^ , ^ 4gfa)m(J)(p^(^+i)2^+ii3^^+i) 
11 ll.9.(a,/?i,---,/3r.)L = l< ^^^^yiy; 



i/p 



Therefore, 



Hia) < H{g,fm{5fp'^'+^h'+^'P+^B^'+\ 



Using H?]) and < m{5) ~ N < {5 + l)t, this proves PU)) . 

We now consider the case where p | di for i = 1, . . . , r. The proof in this 
case is similar to the above, so we will only state, without proof, the important 
differences. In this case, we have 



m{5) = i p 



1 - 



{p-l){d-2) 





s 








.p. 



> (p-l)(d-2)-l. 



Let (x)oo = Doo- Then degZ?oo = P^ and D^o is a sum of exactly p^ distinct 



points of C. Furthermore, M{S) is a basis for L ^ |J Do 



Note that 
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the present case, in the Puiseux expansions of the functions yi{x), all of the 
exponents are integers. This changes some of the calculations, particularly in 
Lemma [T51 For instance, one consequence is that the matrix A in the proof of 
that lemma can be taken to have dimensions ^ fj "'^) '^'^S-^ ^ m{6). Clearly, 



it is more convenient to work with the quantity S' 
and m'{5') = m{p5'). Let 



hciM'{5')=M{p5') 



6' = 



p'^-i((p-l)(d-2)-2) + i + 2 



P' 



t 



This S' is chosen precisely so that the linear system \S'{Doo — E) ~ E\ will be 
basepoint free. Now calculations similar to the first case proved above give the 
result. □ 

We now complete the proofs of Theorems [TT] and [T51 

Proof of Theorem\ll[ We apply Theorem [T5l to gi, . ■ . ,gr, and a S Ok',s satis- 
fying a(3P — 01=1 fii'^) for some /3 S Ok',s- Let 5" be the union of and the 
set of places v of K' for which |aZ3/|„ ^ 1. Let L = K'{ ■^gi{a), . . . , y/gr{a), (p). 

Suppose first that either e = or e = 1. In cither case, it is easily seen that 
for all i, {gi{a)) = af for some (fractional) ideal of Ok'.S'- Then the same 
proof as Lemma Uni shows that [L : K'] < p'^p ci(o^,,s')+rkOl., ^^^^ 
rkpCl(OK',s') < rkpCl(OK') and rkO*^, g, < \Soo\ +ujK'{aDf) - 1. Let T be 
the set of places of L lying above places of S. Then 

t = \T\ < \S\[L : K'] < |5|p'^A-'('^^/)+l'5'=°l+''kp ci(C'ir/)_ 

By Theorem [T5| H{a) is effectively bounded if t < p''~^. Explicitly, we obtain 
the bound ([7]) (using the trivial estimate B < ^Yll^i H{gi)). 

Now suppose that e — 2. After reindexing, we can assume that p doesn't 
divide degf/^- In this case, it is not necessarily true that {gi{a)) = af for some 
fractional ideal ai of Ok' .S' (this would be true if we enlarged 5" to contain all 

af for 



of S). However, for i = 1, . . . ,r, it is easy to check that ( „. 

V ffr ' (a) 

some (fractional) ideal of Ok',s'- Note that, since p\ deggr, 



K 



dcg Qr / \ 



{/gria),Cp 



Thus, similar to the e = 0, 1 cases, we have [L : K'] < ^'kp ci(o^,_s,)+rko^, ^,+2 
and 

i = |T| < \S\[L : K'] < |S'|p'^if'('^-D/)+l'S'=°l+i^kp ci(Oi^-,)+i_ 

By Theorem [TSl H{a) is effectively bounded ii t < p"^^^ . Explicitly, we obtain 
the bound 0. □ 
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Proof of TheoremUM We apply Theorem [H] to /i, . . . , with K ^ K' = Q 
and S = {c»}, the archimedean prime of Q. Suppose that p\ deg/i for some i. 
Let a G Z. Let uj — lu (n[=i pfree(/i(a))). Suppose lu < r — 2. Let gi, . . . , g^j 
be the primes dividing 01=1 pfree(/i(a)). Then, in the notation of Theorem [T51 
we have L C Q ■ ■ ■ , C2p)- If t is the number of archimedean places of 

L, it follows that t < \p'^4>{2p) < \p''~^(t>{2p). Thus, 

~ |2'-2 ifp = 2. 

Note that B ^ H + 1<2H, |£'q(Cp)| = r < d, and [Q{Cp) : Q] = p - 1. A 

computation shows that 6 < 2{p — 1) — 1. Substituting everything into 

Theorem [TSl gives the first part of the theorem. The case where p \ deg fi for all 
i is similar. □ 

5 Perfect powers in products of terms in an arith- 
metic progression 

The study of perfect powers in arithmetic progressions goes back to at least 
Fermat, who proved that there are no four squares in arithmetic progression. 
This was generalized by Euler, who showed that a product of four terms in 
arithmetic progression is never a square. In more modern times, we have, for 
instance, the celebrated result of Erdos and Selfridge [B] that a product of two 
or more consecutive integers can never be a perfect power. For a survey of these 
and other related results, see [53] and pS] . 

We will consider a general form of the problem. Let p be a prime number, k 
a positive integer, and 71, . . . , 7^ distinct integers with < 7^ < /c, i = 1, . . . , r. 
We consider the equation 

&2/P = (x + 7id)---(x + 7,d), = (24) 

with h, d,x,y E Z. We have the following general result. 
Theorem 20. The set of solutions to the equation 

byP = (x + 7id) ■ ■ - {x + ^rd), {x, d) = 1, 
in b,d,x,y € Z with 

cj{{k - ly.b) + 1 + logp </)(2p) (I + Lo{d)) < r, (25) 
is finite. In particular, each such solution satisfies 

max{|a:|,|d|} < (2fcA)^"'"'- 
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Proof. Let b,d,x = xo,y — yo e Z satisfy ([^ and (^5)1 . We apply Theorem [TCI 
to the polynomials fi = x + ^i, i = 1, . . . , r, at the point a = with if' = ii' = 
Q and S consisting of the set of primes dividing d and the infinite place. Note 
that a e Oq.s, as required. Let S' be the union of the infinite place, the set of 
primes dividing 6, and the set of primes less than k. Then (j24p easily implies 
that for all i, {dfi{a)) = af for some ideal of Oq,s". Let cjq — uj{{k — !)!&), 
L = Q{ . . . , i/fr{a), Cp), and V ^ Q{^, . . . , C2p), where 

9i, . . . , Qluo are the distinct primes dividing (fc — Then the same proof as 
Lemma [10] (even easier in this case) shows that L C L' . Let T and T' be 
the set of places of L and L', respectively, lying above places of S. Note that 
[L' : Q] < (j){2p)p^°^^ and that L' is totally imaginary since it contains C,2p- 
Thus, T' contains at most MHeI^'^o+i archimedean places. Furthermore, it's 
clear that each of the ijj{d) finite places of S ramifies to at least degree p in L'. 
Thus, T' contains at most (j>{2p)p'^''Lu{d) nonarchimedean places. So 

t^\T\<\T'\<cb{2p)p-"[^+u;{d)). 

By Theorem [T51 H{a) is effectively bounded if t < p^^^. So H{a) is effectively 
bounded if holds. Explicitly, substituting appropriately into Theorem [TSj 
gives the bound in the theorem. □ 

Of course, it is possible to prove similar theorems over other number fields. 
For example, for p — 2, we prove a variant of Theorem 1201 valid for a certain 
class of quadratic fields. 

Theorem 21. Every solution to the equation 

6y2 ^ (x + 7id)---(a; + 7,d), (26) 
with b, d,x,y £ Ol, L = Q{^/rn), and 

LULiik - ly.b) + u;{m) + log^iuJLid) + 2) + 4 < r, (27) 

satisfies 

h{^) < (16fcr)2"-'-\ 

Proof. The proof is similar to the proof of Theorem [501 Let L — Q{y/m) and 
b,d,x = xo,y = yo £ Cl satisfy ((26)) and ([27)1 . We apply Theorem [T5l to the 
polynomials fi — x + %, i — 1, . . . ,r, at the point a — with K' = L, K = 
and S consisting of the union of the set of primes of L dividing d and the set 
of archimedean places of L. Let 5" be the union of 5*00, the set of primes of L 
dividing 6, and the set of primes of L dividing an integer less than k. Then (|26p 

implies that for all i, (j^^) = '^1 for some ideal of Ol,s'- Let 
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Then as in Lemma [TUl if C generates the roots of unity in L, we have [L' : L] < 
[L{VC) : i]2>-k2Ci(Ox„s')+rk02,s'+i. Note that [L{VC) : L] ^ 2 and rkO^.s' = 
\S'\ — 1 < LUL{{k — l)lb) + 1. From genus theory, we have an exact formula for 
rk2Cl(CL), depending on the primes dividing the discriminant of L. We will 
only use the inequality rkaCKOi) < w(m). So [L' : L] < 2'^^(('=-i)!'')+'^(™)+3. 
Let T be the set of places of L' lying above places of S. Since l^l < ujL{d) + 2, 

t^\T\< {ujL{d) + 2)2'^^«'=-i)"')+'^('")+3. 

By Theorem [T51 H{a) is effectively bounded ii t < 2'"^^. Thus, H{a) is effec- 
tively bounded if ([?f|) holds. Substituting appropriately into Theorem [T5l gives 
the bound in the theorem. □ 

For an integer n > 1, we let P{n) denote the largest prime divisor of n. 
We set P(l) = 1. As usual, we let ■Kin) denote the number of primes up to 
(and including) n. We now take up the task of using our effective bounds to 
completely solve some cases of Theorem 1201 for p — 2. Namely, we prove: 

Theorem 22. Let 8 < fc < 17 and 71, . . . , 7,. he distinct integers with < 7; < 
k, i = 1, . . . ,r , and 71 = 0. Let ea.k = if the squarefree part of d has no prime 
divisor larger than k — \ and ea.k = 1 otherwise. Then every solution to 

62/2 ^ (2; + 7id)---(a; + 7,.d), {x,d) ^ I, P{h) < k, (28) 

with b, d, X, y positive integers and 

u{d) < 2'-'^(fc-i)-^''.'' - 2 (29) 

satisfies one of the following: 

d=l, x e {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 18, 20, 21, 22, 24, 25, 26, 
27, 28, 30, 32, 33, 35, 36, 39, 40, 42, 44, 45, 48, 49, 50, 52, 54, 55, 56, 60, 
63, 64, 65, 66, 70, 72, 75, 77, 84, 88, 90, 96, 98, 117, 120}, 

d = 2, x e {1, 3, 5, 7, 9, 11, 13, 15, 21, 25, 33}, 

d = 3, xe {1,2,4,5,7,8,10,11,13,14,16,20,22,25,32}, 

d = 4, .xe {1,3,5,7,9,11,13,21}, 

d = 5, a; e {1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 18, 21, 24, 28, 39}, 

d=7, .X e {1, 2, 3, 4, 5, 6, 8, 9, 11, 12, 13, 15, 16, 18, 20, 26, 30, 44}, 

d = 8, xe{l,9}, 

d = 9, xe{4,8}, 

d=ll, xe {3,4,6,10, 15,26,48}, 

d==13, xe{l,7}, 

d=17, xe{5,22}, 

d=19, x = 4, 

d=23, a; = 16. 
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In particular, we solve (^5)) in positive integers for the values of tp = k — r, 
k, and uj{d) given in Table [TJ Note that the theorem for 8 < fc < 17 is implied 
by the special cases of the theorem where k is prime (fc — 11,13,17). Thus, 
it suffices to list only these values of k in Table [TJ We can also prove results 
for A: < 8, but these turn out to be covered by previous results, which we now 
discuss. 

Suppose that — k — r — 0. Equation (|28p has infinitely many solutions for 
fc = 2, 3, 6 = 1 and k — A, b ^ 6. Erdos and Selfridge 6J proved that ([^5]) has no 
solution with c? = 1, as long as the right-hand side of (pS)) is divisible by a prime 
greater than or equal to k. As mentioned earlier, Euler proved the nonexistence 
of solutions in the case k — A, b = 1. When k = 5, Oblath [TB] proved that 
(|28|) does not hold if 6 = 1 and Mukhopadhyay and Shorey [15] handled the 
general case P{b) < k. When 6 < fc < 11, P{b) < 5, Bennett, Bruin, Gyory, 
and Hajdu [2] showed that the only solution to ([28]) is A: = 6, d = 1, a; = 1. 
When 8 < fc < 100, d > 1, Hirata-Kohno, Laishram, Shorey, and Tijdeman [9] 
showed that does not hold except possibly in a small number of exceptional 
cases. These remaining exceptional cases were handled by Tengely [55]. Thus, 
in short, we have nothing new to add in the case = 0. 

Suppose that ip = 1. Then Saradha and Shorey [20] showed that (j^S)) with 
d = 1, 6 1, fc > 3 has only the solutions f = (12)^, M = (720)2, and that ^ 
with d = 1, k > A, X > k^ has only the solution with fc = 4, x = 24. In another 
paper, Saradha and Shorey [H] showed that (|^ does not hold with ui{d) = 1, 
fc > 30. Mukhopadhyay and Shorey [16] improved this to w(d) = 1, fc > 9, and 
Laishram, Shorey, and Tengely [11] improved this to uj{d) = 1, fc > 7. Shorey 
[24] has also proved the case uj{d) = 1, b — 1, 6 < k < 8. Theorem [22l gives some 
new results when ip = 1. For instance, that (|28]) does not hold for 2 < uj{d) < 5, 
9 < fc < 17. 

Suppose that ip = 2. If k > A, d ~ 1, b ^ 1, Mukhopadhyay and Shorey [17] 
give the finitely many solutions to (|28| . Under the assumption that the right- 
hand side of (|55)) is divisible by a prime larger than fc, Laishram and Shorey [TU] 
completely solved (|55)) for fc > 5, d = 1. Furthermore, they also showed TU] that 
(|55)) does not hold with fc > 15, Lu{d) — 1. Using this result and Theorem 
we obtain the improvement that (|55]) does not hold for k > 9, oj{d) = 1. 

For 3 < tp < 7, Mukhopadhyay and Shorey [17] completely solved (|28]) for 
d = l,b = 1, fc > tp + 2, and x > k^. There do not seem to be other previous 
general results for ip > 2. 

As an immediate corollary to Theorem [22] we obtain: 

Corollary 23. Let 8 < fc < 17. Let ed,k be as in Theorem \22i Let x and d be 
positive integers not among the explicit values given in Theorem \22i Then there 
are at least 

fc - 7r(fc - 1) - edM - [log2 {uj{d) + 2)J 
prime divisors larger than fc — 1 dividing 

x{x + d) ■ ■ ■ {x + {k - l)d) 

to an odd power. 
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Table 1: Table ol values ip = k — r, k prime, and ui{d) for which Theorem 
gives a complete solution in positive integers to (l28l) . 





(fc = ll) 


(fc = 13) 


(fc = 17) 




Lj{d) < 


Lu{d) < 


w(d) < 





61 


125 


1021 


1 


29 


61 


509 


2 


13 


29 


253 


3 


5 


13 


125 


4 


1 


5 


61 


5 





1 


29 


6 







13 


7 






5 


8 






1 


9 










We now discuss the proof of Theorem [511 To compute an effective bound 
for X and d, we follow the proof of Theorem dOl We note that there is a slight 
improvement in (j29[) as compared to (j25[) at p ~ 2. Firstly, an examination of 
the proof of Theorem l20l vields an expression with the more precise quantity ed.k- 
Secondly, since we are only considering positive solutions x and d, we can avoid 
adjoining \/— T to the relevant field in the proof of Theorem 1201 giving a minor 
improvement over (|25p . Now, using the proof of Theorem l201 we easily calculate 
using Theorem [15] that any solution in Theorem [22| satisfies max{loga;,log(i} < 
10^"*. Obviously, it is infeasible to naively search for solutions within this bound. 
The key point that will allow us to effectively search this space is that for any 
solution to by^ = (x + jid)--- (x + 7,.c?), we can find many distinct elliptic curves 
of the form b'Y'^ = (X + 7^ J • • • (X + 7^J, where ii, . . . , 14 € {1, • . • , r}, &' e Z, 
and X — 2 the X-coordinate of a rational point on the curve. Then using the 
group structure on such curves combined with congruence conditions, we will 
arrive at an efficient way of searching the potential solution space. The details 
are as follows. 

Let fc,7i,...,7r be as in Theorem 1221 Let b,d,x,y be positive integers 
satisfying ([55)1 and Since P{b) < k and (x, d) = 1, it follows that for each 

i, 

X + Jid = Gizf, 

for some integer Zi and some positive square-free integer satisfying P{ai) < k. 
Theorem is vacuous for 8 < fc < 13 if r < 5 and for 14 < A: < 17 if r < 7. So 
we can assume that r>6if8<fc<13 and r > 8 if 14 < fc < 17. In either case, 
we can find six terms x + ^i.d, j = 1, . . . ,6, such that P{ai.) < 11, j = 1, . . . ,6. 
If 14 < fc < 17, this follows since r > 8 and 13 can divide at most two terms 
X + -fid. From the solution b, d, x, y, we obtain a point with X = § on each of 
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the (^) = 15 elliptic curves 




Ej:\T\a,^Y' = T\X + j,^, (30) 



where J ranges over four-element subsets of {1,...,6}. We note that after 
translating the smallest to zero, we have (g^) possibilities for 7^^, . . . ,7^^. 
At first glance, for each choice of 7^^ , . . . , 7^^, there are 2'^*' possibilities for the 
sextuplet (oij^, . . . , flig). However, this number is drastically reduced by the 
trivial observation that if pja^, aj, then p\ji — jj. 

Our problem is therefore reduced to finding, for every possible choice of the 
Ui- and 7ij , rational points on the elliptic curves (|30|) which share a common X- 
coordinate of height h{X) < 10^**. In actual practice, it is convenient to choose 
a Weierstrass model for the curves Ej (and hence also an identity element for 
the group law on each Ej). If aj — Yijej ^ij j have the Weierstrass model of 
E.J, 

Fj : Y'^ ^ X{X + a,7(7i, - 7n)(7u - 7«3))(^ + aj(7i3 - 7m)(7u - 7*2))> 
and a birational map Fj Ej given by 

tX Y)^ ( - 7»i)(7»3 - 7»i)(7u - I'll) _ . {li2 - 7ii)(7»3 - nJilu - l^iW 

We consider three cases, depending on the Mordell-Weil groups of the curves 
Ej. 

Case I: One of the elliptic curves Ej in pO|) can be proven to have rank 

(over Q). This is the easiest case. In this case, we easily determine finitely 
many possibilities for X by computing the finitely many rational torsion points 

of Ej. 

Case II: Two distinct curves Ej and Ej' in ([50]) can be proven to have rank 

1 (and generators for the Mordell-Weil groups can be computed). Let 

Xj = {X{P) \PeEj 
Xj, ^{x{P)\Pe Ej> 

X ^XjOXj,. 

We want to determine the set of points X ^ X with h{X) < 10^'*. Let Pj and 
Pj' be generators, modulo torsion, for Ej{Q) and Eji{Q), respectively. We find 
primes p such that Pj has small order modulo p but Pji has relatively large 
order modulo p. This is easily done by (in a Weierstrass model) factoring the 
denominators of the coordinates of mPj for small m. Since Pj has small order 
modulo p, the elements in Xj are restricted to a small number of congruence 
classes modulo p. If Op{Pji) denotes the order of Pji modulo p, then we find, 
by looking modulo p, that for any torsion point T e Ej/{Q), X{nPj> + T) £ Xj 
implies that n lies in a small number of congruence class modulo Op{Pji). Using 



27 



the theory of canonical heights on cUiptic curves, one can expHcitly compute a 
positive integer such that h{X{nPji + T)) > 10^'^ for any torsion point T 
and any n with |n| > N. Now we choose primes pi, ■ ■ ■ ,Pm as above until we 
have LCM(opi (Pj'), . . . ,Op^^(Pj')) > N, where LCM denotes the least common 
multiple. Combining the information from each prime pi, we find that we only 
need to check if X{nPj> + T) e Xj, T e £^j'(Q)tors, for a small number of 
integers n with |n| < N. For those integers n we need to check, since for large 
integers n, computing nPj' is impractical, we work again modulo primes p, 
checking whether X{nPji + T) mod p is the X-coordinate of a point in Ej{¥p). 
In practice, this process is very efficient, typically taking only a few seconds on 
a modern computer to compute the points X G X with h{X) < 10^^, for any 
two given curves Ej and Ejr with given generators Pj and Pji . 

Nearly all of the possibilities encountered in Theorem [22] are covered by 
Case I and Case II. However, there are a small number of instances which do 
not fit into these cases. For example, if (7;^, . . . , 7^^) = (0, 1, 2, 10, 13, 14) and 
(oi^, . . . , Oijj) = (1, 15, 14, 6, 3, 2), then each of the 15 curves in ([50)1 has rank at 
least 2. All of these remaining exceptional cases are handled in Case III. 

Case III: There exists a curve Ej in (|30|) which can be proven to have rank 
2, with computable generators Pi and P2, modulo torsion, and sets of primes 
Qi,...,Qt such that for any i, \Qi\ > 2, {Oq{Pi) , Oq{P2)) is the same for all 
q G Qi (denote the common value by (og^ (Pi), oq^ (P2))), and 

min{LCM(0Q, (Pi), ... , og, (Pi)), LCM(og, (P2), . . . , og, (P2))} (31) 

is sufficiently large. In practice, in every case we were able to choose t = 2 
and |Qi|,|Q2| > 3. Similar to before, we now use congruence conditions to 
restrict the linear combinations of Pi and P2 which must be examined. For a 
point P g Ej{Q) and a prime q, let Pg denote the image of P in Ej{¥q). Let 
i £ {1, . . . ,t}. For q £ Qi and T £ Ej {<Q)tois, we compute the set 



(m,n) £ ¥oaAP,) ^ ^oa,(p.) I ^(mPi, + nP2, + T,) e f| XiEj,(Fg)) 



J'C{1,...,6} 

\J'\=4 



Then we compute the set Iq-.t — ^q£QiIq,T- It follows that for any torsion 
point T on Ej, we need only look at points mPi + nPs + T on Ej such that (m 
mod og;(Pi),n mod 0g;(P2)) £ Iq^^t- Using canonical heights, we compute 
positive integers M and N such that h{X {mPi + nP2 + T)) > 10^**, if \m\ > M, 
\n\ > N, T £ P,/(Q)tors- Finally, we piece together the congruence information 
from the sets Iq-,t to determine a relatively small number of integers m and n 
for which we look at the points X{mPi + nPj + T) to determine if they give a 
solution to (pg)) . 

This completes a rough description of the computation performed to prove 
Theorem [22] The necessary Mordell-Weil groups were computed using Cre- 
mona's mwrank program (through Sage [27]) while the other computations were 
done using PARI/GP 
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